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Abstract
We study generalized almost contact structures on odd-dimensional manifolds.
We introduce a notion of integrability and show that the class of these structures
is closed under symmetries of the Courant-Dorfman bracket, including T-duality.
We define a notion of geometric type for generalized almost contact structures,
and study its behavior under T-duality.
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1. Introduction
Generalized (almost) complex structures (see [7] for a systematic exposition
and references) on even dimensional real manifolds have received considerable
attention from both physicists and mathematicians. While it is natural to look
for odd-dimensional analogues of generalized complex geometry, the subject is
still in its infancy. Generalized almost contact structures on a manifold M of
odd real dimension were first defined in [9] as a particular case of generalized F -
structures, introduced in [10]. In [9], generalized almost contact structures are
equivalence classes of triples (Φ, F, η) (called here Poon-Wade triples) consisting
of an endomorphism Φ of the generalized tangent bundle TM = TM ⊕ T ∗M ,
a global vector field F (playing the role of the Reeb vector field in ordinary
contact geometry) and a global 1-form η, subject to suitable axioms.
In the present paper, we define generalized almost contact structures as
pairs (E,L) of subbundles E ⊆ TM , L ⊆ TM ⊗ C satisfying certain nonde-
generacy and isotropy conditions. In particular, any Poon-Wade triple (Φ, F, η)
yields a generalized almost contact structure (E,L) according to our definition,
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where E = span(F, η) and L is the
√−1-eigenbundle of Φ. We also introduce
a local invariant of a generalized almost contact structure (E,L), called the
geometric type, which is a natural analogue of the type of a generalized almost
complex structure, and we prove that the geometric type characterizes (up to
isomorphism) the pairs (E,L) coming from Poon-Wade triples. Moreover, al-
most contact structures and almost cosymplectic structures are characterized
by having extremal geometric types. As it turns out, every generalized almost
structure (E,L) on M can be lifted (not uniquely) to a generalized almost com-
plex structure on the cone C(M) := M × (0,∞). This construction singles
out a class of generalized contact structures, namely those that can be lifted
to a generalized complex structure. We call such generalized almost contact
structures normal. This notion is modeled after the classical case of normal
almost contact structures. One of our main results is an intrinsic characteriza-
tion of normal generalized almost structures (E,L) in terms of the geometry of
the subbundles E and L. Inspired by [9], we give a notion of integrability and
strong integrability for a generalized almost contact structure (E,L), in terms of
certain Dirac structures constructed out E and L. We prove that (E,L) if and
only if it strongly integrable and E admits an isotropic frame e1, e2 such that
[e1, e2] = −[e2, e1] is the orthogonal projection onto E⊥ of an exact 1-form.
We also complete the result in [9] by providing a full characterization of normal
almost contact structures and cosymplectic structures in terms of generalized
geometry. In the second part of the paper we give an alternate description of
generalized almost contact structures in the language of spinors. While general-
ized almost complex structures can locally be encoded by a single pure spinor,
we show that a generalized almost contact structure (E,L) can be locally de-
scribed by a pair of pure spinors (ρ1, ρ2) that are intertwined by the Clifford
action of the bundle E. We call such pairs of pure spinorsmixed pairs. Our main
result in this direction is that normality, integrability and strong integrability of
generalized almost contact structures can be fully described in terms of mixed
pairs. The language of mixed pair is particularly convenient in order to describe
the behaviour of generalized almost contact structures under T-duality. In par-
ticular, we are able to complete the result of [4] in the odd-dimensional setting
providing an explicit relation between the geometric types of T-dual generalized
almost contact structures. Throughout the paper we provide several examples,
including a new family of generalized almost contact structures on the sphere
S3, for which the geometric type is generically not constant.
2. Preliminaries on Generalized Geometry
The generalized tangent bundle of a real smooth manifold M of dimension
m is the vector bundle TM := TM ⊕ T ∗M . It comes equipped with
• an inner product, defined by
〈X + α, Y + β〉 := 2−1(α(Y ) + β(X)), X, Y ∈ Γ(TM), α, β ∈ Γ(T ∗M)
(which is C∞(M)-bilinear, symmetric, nondegenerate and with signature
(n, n));
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• an R-bilinear map [ , ] : Γ(TM) × Γ(TM) → Γ(TM) called the Dorfman
bracket, given by
[X+α, Y +β] := [X,Y ]+LXβ− iY dα, X, Y ∈ Γ(TM), α, β ∈ Γ(T ∗M).
(Sections of TM are denoted by x,y, etc. unless their (co)tangent components
need to be specified.) Let a : TM → TM be the obvious projection. The
quadruple (TM, 〈 , 〉, [ , ], a) satisfies the axioms of the Courant algebroids, i.e.
• a(x) (〈y, z〉) = 〈[x,y], z〉 + 〈y, [x, z]〉,
• [x, [y, z]] = [[x,y], z] + [y, [x, z]],
• [x,y] + [y,x] = 2d〈x,y〉,
for all x,y, z ∈ Γ(TM). If H is a closed three-form, we define the twisted
Dorfman bracket as
[x,y]H = [x,y] − ia(x)ia(y)H.
The quadruple (TM, 〈 , 〉, [ , ]H , a) satisfies the axioms of Courant algebroids
as well. A symmetry of the generalized tangent bundle is a bundle morphism
F : TM → TM such that
〈Fx, Fy〉 = 〈x,y〉, [Fx, Fy] = F [x,y].
The group of all symmetries is the semidirect product
Diff(M)⋉ Ω2cl(M)
where a diffeomorphism f :M →M acts via its generalized Jacobian
Tf : TM → TM, Xp + αp 7−→ (Tpf)(Xp) +
(
Tf(p)f
−1)∗ (αp),
and a closed 2-form ω acts via the gauge shift (also called B-field or S-field)
eω : TM → TM
X + α 7→ X + α+ iXω .
A generalized almost complex structure on (a necessarily even dimensional) man-
ifold M is a base-fixing bundle morphism J : TM → TM such that J2 = −Id
and J∗ = −J . A generalized almost complex structure J is called integrable (or
a generalized complex structure) if for all sections x and y we have
[Jx, Jy]− [x,y] − J([Jx,y] + [x, Jy]) = 0 .
Generalized almost complex structures are in one-to-one correspondence with
complex subbundles L ⊂ TM⊗C that aremaximal isotropic (i.e. the restriction
of 〈 , 〉 to L vanishes and L is of maximal rank with this property) and such
that L ∩ L = 0. The correspondence is given by
J ←→ L = {x ∈ TM ⊗ C : Jx = √−1x} .
A generalized almost complex structure J is integrable if and only if L is invo-
lutive, i.e. [Γ(L),Γ(L)] ⊆ Γ(L).
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3. Generalized almost contact structures
Definition 1. Let M be an odd dimensional manifold. A generalized almost
contact structure on M is a pair (E,L), where
• E ≃ M × R2 is a trivial subbundle of TM such that the restriction 〈, 〉|E
is nondegenerate and with signature (1, 1).
• L is a maximal isotropic subbundle of E⊥ ⊗ C such that L ∩ L = 0.
Definition 2. A generalized almost contact triple (or just triple, for short) is
given by the data (Φ, e1, e2), where Φ : TM → TM is a base-fixing bundle
morphism and sections e1, e2 ∈ Γ(TM) such that
• 〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = 1/2;
• Φ∗ = −Φ;
• Φ(e1) = 0 = Φ(e2);
• Φ2(x) = −x+ 2〈x, e1〉e2 + 2〈x, e2〉e1.
Moreover, we say that a generalized almost contact triple is a Poon-Wade triple
if (e1, e2) ∈ Γ(TM)× Γ(T ∗M). Finally, two triples (Φ, e1, e2), (Φ′, e′1, e′2) are
homothetic if Φ = Φ′ and span(e1, e2) = span(e′1, e
′
2).
Definition 3. Given a triple (Φ, e1, e2), let E := span(e1, e2) and let L be the√−1-eigenbundle of Φ. Then (E,L) is a generalized almost contact structure.
In this case we say that the triple (Φ, e1, e2) represents the generalized almost
contact structure (E,L).
Proposition 4. Any (E,L) is represented by some triple, and two triples rep-
resent the same generalized almost contact structure if and only if they are
homothetic. Moreover, the set of triples that represent a generalized almost
contact structure (E,L) is acted freely and transitively by the group O(E) ≃
C∞(M,O(1, 1)).
Proof. Given (E,L), there exists a global isotropic frame e1, e2 of E such that
〈e1, e2〉 = 1/2, and any two choices of such frame are related by an element of
O(E). Moreover, there exists a unique Φ : TM → TM with Ker(Φ) = E and
Ker(Φ−√−1Id) = L and any triple (Φ, e1, e2) obtained in this way represents
(E,L).
Examples 5. (a) (Almost contact structures) An almost contact structure
is a triple (φ, ξ, η) where φ : TM → TM , ξ is a vector field and η is a
one-form such that η(ξ) = 1, φ(ξ) = 0 = φ∗(η) and φ2(X) = −X+η(X)ξ.
An almost contact structure defines a Poon-Wade triple (Φ, e1, e2), where
e1 := ξ, e2 := η,
Φ :=
[
φ 0
0 −φ∗
]
and the blocks correspond to the splitting TM = TM ⊕ T ∗M .
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(b) (Almost cosymplectic structures) An almost symplectic structure is a pair
(θ, η) where θ is a 2-form and η is a 1-form such that θn∧η 6= 0 (dim M =
2n+ 1). Then, θ is nondegenerate on Ker(η) and there is a unique vector
field ξ such that
η(ξ) = 1, iξθ = 0.
Let φ : Ker(η) → Ann(ξ) be the isomorphism defined by φ(X) = iXθ for
all X ∈ Ker(η). If e1 := ξ, e2 := η, and Φ is defined by Φ(e1) = Φ(e2) = 0
and
Φ|E⊥ :=
[
0 −φ−1
φ 0
]
where the blocks correspond to the splitting E⊥ = Ker(η)⊕Ann(ξ), then
(Φ, e1, e2) is a Poon-Wade triple. The particular case θ = dη shows that
contact structures are examples of generalized almost contact structures.
(c) (Isomorphic and equivalent structures) If (E,L) is a generalized almost
contact structure and F : TM → TM is a base-fixing bundle morphism
which is orthogonal (i.e. it preserves the inner product), then (F (E), F (L))
is a generalized almost contact structure. Two generalized almost contact
structures that are related by orthogonal morphisms are called isomorphic.
Generalized almost contact structures that are related by symmetries are
called equivalent.
(d) (Products [5]) Let M = M1 ×M2, πi : M → Mi be the projections. If
(E,L1) is a generalized almost contact structure onM1 and L2 is a gener-
alized almost complex structure onM2, then (π
∗
1E, π
∗
1L1⊕π∗2L2) is a gen-
eralized almost contact structure on M . The product of two generalized
almost contact manifolds is never generalized almost contact, for dimen-
sional reasons. However, it admits generalized almost complex structures.
(e) (Deformations) Let (E,L) be a generalized almost contact structure on
M , and let ε : L → L be a skew bundle morphism such that IdL − εε is
invertible. If Lε is the graph of ε, then (E,Lε) is a generalized almost
contact structure.
4. The geometric type
Definition 6. Given a generalized almost contact structure (E,L), its geomet-
ric type at x ∈M is the pair (pE(x), tL(x)), where
pE(x) := dim(a(Ex)), tL(x) := codimC(a(Lx)).
It is easy to see that the geometric type is invariant under symmetries.
Proposition 7. Let dim(M) = 2n+ 1. Only two cases can occur:
• pE(x) = 1 and 1 ≤ tL(x) ≤ n+ 1;
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• pE(x) = 2 and 1 ≤ tL(x) ≤ n.
Proof. We have
dim(a(E⊥)) = 2(2n+ 1− tL)− dimC(a(L) ∩ a(L)) .
Since E cannot be a subbundle of T ∗M , either pE = 1 or pE = 2. Let pE = 2.
Then E is generated by ei = Xi + αi, where i = 1, 2 and X1, X2 are linearly
independent. Then for each tangent vector Y there is a cotangent vector β such
that
β(X1) = −α1(Y ), β(X2) = −α2(Y ) .
In other words, a(E⊥) = TM , hence
2tL = 2n+ 1− dimC(a(L) ∩ a(L))
and 1 ≤ tL ≤ n. If pE = 1, then E is generated by e1 = X + α , e2 = β with
X 6= 0 6= β. It follows that a(E⊥) = Ker(β) and
2tL = 2n+ 2− dimC(a(L) ∩ a(L))
which implies 1 ≤ tL ≤ n+ 1.
Examples 8. (a) If (E,L) is represented by an almost cosymplectic struc-
ture, then pE = 1, tL = 1.
(b) If (E,L) is represented by an almost contact structure, then pE = 1,
tL = n+ 1.
(c) Consider S1 equipped with the obvious constant generalized almost con-
tact structure of geometric type (1, 1). Also, let C be a cubic in the
complex projective plane CP2. Then there is a generalized complex struc-
ture on CP2 whose type equals 2 along the cubic and 0 elsewhere [7]. It
follows that the Cartesian product S1×CP2 is equipped with the product
structure of 5(4), which is a generalized almost contact structure (E,L)
with pE = 1 and
tL =
{
3 on S1 × C ,
1 elsewhere .
(d) The previous example has the following generalization. Let π :M2n+1 →
N2n be a principal bundle, let TM = V ⊕Hor be a splitting into vertical
and horizontal subbundles and let
E = V ⊕Ann(Hor) ⊂ TM .
Given a generalized almost complex structure L ⊂ TN ⊗ C define
(π⋆L)p :=
{
v + π∗λ ∈ (Horp ⊕ T ∗M)⊗ C |π∗v + λ ∈ Lπ(p)
}
,
for each p ∈M . Then, (E, π⋆L) is a generalized almost contact structure
on M with pE = 1. In particular, S
5 (a circle bundle over CP2) admits
generalized almost contact structures with nonconstant tL.
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(e) Consider a triple almost contact structure, i.e. a triple of almost contact
structures {(φa, ξa, ηa)}a=1,2,3 such that
ηa(ξb) = δab, φa(ξb) = ǫabcξc, φ
∗
aηb = −ǫabcηc ,
φaφb = −δabId + ξa ⊗ ηb + ǫabcφc .
If
e1 = 2
−1/2(ξ1 + η2), e2 = 2−1/2(ξ2 + η1)
and Φ0 : TM → TM is defined by
Φ0(X) = φ3(X)− η1(X)ξ2 + η2(X)ξ1+
+ 2−1/2 (η1(X)ξ3 − η3(X)ξ1 − η2(X)η3 + η3(X)η2) ,
Φ0(α) = −φ∗3(α)− α(ξ1)η2 + α(ξ2)η1+
+ 2−1/2 (α(ξ1)η3 − α(ξ3)η1 − α(ξ2)ξ3 + α(ξ3)ξ2) ,
for any vector field X and any 1-form α, then (Φ0, e1, e2) is a generalized
almost contact triple such that pE = 2 and tL = n.
Proposition 9. Let {(φa, ξa, ηa)}a=1,2,3 be a triple almost contact structure and
let S be spanned by ξa and ηb for a, b = 1, 2, 3. Let e1 = 2
−1/2(ξ1 + η2), e2 =
2−1/2(ξ2+ η1) and let F be the set of all Φ : TM → TM satisfying the following
properties:
i) (Φ, e1, e2) is a generalized almost contact triple;
ii) Φ(S) ⊂ S;
iii) the restriction of Φ to S⊥ is of the form[
φ3 0
0 −φ∗3
]
;
iv) 〈Φξa, ηb〉 = −〈Φξb, ηa〉 for all a, b ∈ {1, 2, 3}.
Then
F = {Φ0, σΦ0, τΦ0, στΦ0}
where Φ0 is as in Example 8(e) and σ, τ : TM → TM are the involutions
σ : ξi ↔ −ξi, ηi ↔ −ηi,
τ : ξ1 ↔ ξ2, η1 ↔ η2, ξ3 ↔ −η3.
Proof. Any morphism Φ satisfying the third condition must be such that, for
all X ∈ Γ(TM)
Φ
(
X −
∑
i
ηi(X)ξi
)
= φ3
(
X −
∑
i
ηi(X)ξi
)
= φ3(X)− η1(X)ξ2 + η2(X)ξ1 ,
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so that
Φ(X) = φ3(X)− η1(X)ξ2 + η2(X)ξ1 +
∑
i
ηi(X)Φ(ξi) .
Analogously, for all α ∈ Γ(T ∗M),
Φ(α) = −φ∗3(α) − α(ξ1)η2 − α(ξ2)η1 +
∑
i
α(ξi)Φ(ηi) .
Now, write
Φ(ξi) =
∑
j
aijξj + bijηj , Φ(ηi) =
∑
j
cijξj + dijηj .
From Φ∗ = −Φ we get aij = −dji, bij = −bji, cij = −cji, and since Φ(ξ1+η2) =
Φ(ξ2 + η1) = 0 we obtain
a11 = −a22 = c12 = b21, a12 = a21 = 0 ,
a13 = c32, a23 = c31, a31 = b23, a32 = b13 .
Therefore, Φ is uniquely determined by the coefficients aij . From
Φ2(ξ1) = 2
−1(−ξ1 + η2) , Φ2(ξ2) = 2−1(−ξ2 + η1) , Φ2(ξ3) = −ξ3
and 〈Φξa, ηb〉 = −〈Φξb, ηa〉 we obtain the conditions
aij = −aji,
2a213 + 2a
2
23 = 1 and a13a23 = 0,
which yield the required four solutions. The morphism Φ0 corresponds to choos-
ing a23 = 0, a13 > 0.
Theorem 10. Let (E,L) be a generalized almost contact structure on M , such
that dim M = 2n+ 1 and pE = 1. Then
i) (E,L) is isomorphic to a generalized almost contact structure represented
by a Poon-Wade triple;
ii) if tL = 1, then (E,L) is isomorphic to a generalized almost contact struc-
ture represented by an almost cosymplectic structure;
iii) if tL = n + 1, then (E,L) is isomorphic to a generalized almost contact
structure represented by an almost contact structure.
Proof. Proof of (i): pE = 1 if and only if E is generated by e1 = X+α, e2 = β.
Set Ω = α∧β, so that eΩe1 = X and eΩe2 = β. Hence, (eΩe1, eΩe2, eΩ◦Φ◦e−Ω)
is a Poon-Wade triple.
Proof of (ii): from (i), we can assume up to isomorphism that E is generated
by X, β, with β(X) = 1, so that
E = Ker(β)⊕Ann(X) =: K ⊕A .
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Let
Φ =
[
A B
C −A∗
]
,
where the blocks correspond to the splitting TM = TM ⊕T ∗M . The condition
pE = 1 = tL implies a(L) = a(L), which means that for all Y + γ ∈ Γ(E⊥)
there exists γ˜ ∈ Γ(T ∗M) such that
Y + γ˜ ∈ Γ(E⊥) , 2A(Y ) +B(γ + γ˜) = 0 .
This implies the decomposition
Y + γ =
(
Y + 2−1(γ + γ˜)
)
+ 2−1(γ − γ˜)
and the splitting
E⊥ = (Φ(E⊥ ∩ T ∗M)) + (E⊥ ∩ T ∗M) = Φ(A)⊕A .
Moreover, Φ(A)∩A = 0 implies that the map B|A : A → TM is injective. Since
B(A) = K, we have
Γ(Φ(A)) = {Y −A∗B−1Y |Y ∈ Γ(K)}.
If Y ∈ Γ(TM), then 〈AY, β〉 = 〈ΦY, β〉 = 0, hence AY ∈ Γ(K). Moreover, for
all Y ∈ Γ(K) we have
A∗B−1Y = B−1AY.
Define the 2-form on M :
Ω(Z,W ) := 〈B−1AZ,W 〉 − 〈B−1AW,Z〉.
For all vector fields W and for all Y ∈ Γ(K)
Ω(X,W ) = 0 , Ω(Y,W ) = 2〈A∗B−1Y,W 〉 .
Therefore, e−ΩK = Φ(A) and the bundle morphism φ := eΩ ◦ Φ ◦ e−Ω is such
that
φ(Ker(β)) = Ann(X), φ(Ann(X)) = Ker(β) .
Proof of (iii): in this case we have a(L) ∩ a(L) = 0. Since B(A) = a(Φ(A)) ⊂
a(L) ∩ a(L), then B = 0. Notice that Ω = 2−1CA is a 2-form since Ω∗ =
2−1(CA)∗ = −2−1A∗C = −Ω. Moreover, iXΩ = 0 and[
I 0
Ω I
] [
A 0
C −A∗
] [
I 0
−Ω I
]
=
[
A 0
0 −A∗
]
.
Therefore, (eΩE, eΩL) is an almost contact structure.
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5. Generalized geometry of the cone
Let R+t be the positive real axis with coordinate t. Moreover, let C(M) :=
M ×R+t be the cone over M and let π1, π2 the projections onto the two factors.
The generalized tangent bundle of the cone is
TC(M) = π∗1TM ⊕ π∗2T∗R+t .
The multiplication by a positive real number t0 induces a symmetry Ft0 :
TC(M) → TC(M). Upon the identification M ≡ M × {1}, we have the in-
clusion i :M →֒ C(M). Let
E ′(M) := i∗TC(M), E ′x(M) = TxM ⊕ span(∂t, dt) .
A section of E ′(M) is of the form x + f∂t + gdt, where x ∈ Γ(TM) and f, g ∈
C∞(M). The bundle E ′(M) inherits from TC(M) the inner product
〈X1,X2〉 = 〈x1,x2〉+ 2−1(f1g2 + f2g1) ,
and the bracket
[X1,X2]0 = [x1,x2] + (a(x1)(f2)− a(x2)(f1))∂t +
+(a(x1)(g2)− a(x2)(g1))dt+ 2−1(g2df1 + f2dg1) .
where Xi = xi + fi∂t + gidt for i = 1, 2. In particular, [ , ]0 is the extension of
the Dorfman bracket on TM such that for all x,y ∈ Γ(TM),
[x,y]0 = [x,y], [x, dt]0 = [dt,x]0 = 0,
[x, ∂t]0 = [∂t,x]0 = 0, [dt, ∂t]0 = [∂t, dt]0 = 0.
(The subscript “0” will be omitted in the rest of the paper.)
Definition 11. We say that a quadruple (Φ, e1, e2, λ), where Φ : TM → TM
is a base-fixing bundle morphism, e1, e2 ∈ Γ(TM) and λ ∈ C∞(M) is a Sekiya
quadruple on M if
• 〈e1, e1〉 = 〈e2, e2〉 = 0, 〈e1, e2〉 = 1/2;
• Φ∗ = −Φ;
• Φ(e1) = λe1, Φ(e2) = −λe2 ;
• Φ2x = −x+ 2(1 + λ2)(〈x, e2〉e1 + 〈x, e1〉e2).
Remark 12. Observe that there is a canonical bijection between the set of
R
+-invariant generalized almost complex structures on C(M) and the set of
S1-invariant generalized almost complex structures on M × S1, through expo-
nentiation. Moreover, any R+-invariant generalized almost complex structure L
on C(M) is uniquely determined by its restriction to M . Therefore, we have a
canonical bijection between R+-invariant generalized almost complex structures
and base-preserving bundle morphisms J : E ′(M)→ E ′(M) such that J2 = −Id,
J∗ = −J .
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Proposition 13. Let J : E ′(M) → E ′(M) be a base-preserving bundle mor-
phism such that J2 = −Id, J∗ = −J . Then, (Φ, e1, e2, λ) where
λ = 2〈J(dt), ∂t〉;
e1 = (1 + λ
2)−1/2 (J(∂t) + λ∂t) ;
e2 = (1 + λ
2)−1/2 (J(dt) − λdt)
and
Φ(x) = J(x) + 2〈∂t, J(x)〉dt + 2〈dt, J(x)〉∂t
is a Sekiya quadruple. Viceversa, any Sekiya quadruple defines a unique J with
the above properties.
Proof. It easy to see that (Φ, e1, e2, λ) defined above is a Sekiya quadruple.
Conversely, starting with a Sekiya quadruple (Φ, e1, e2, λ), let J : E ′(M) →
E ′(M), be defined by setting J(x) = Φ(x) for all x ∈ Γ(TM) such that 〈x, e1〉 =
〈x, e2〉 = 0, and
J(e1) = λe1 − (1 + λ2)1/2∂t;
J(e2) = −λe2 − (1 + λ2)1/2dt;
J(∂t) = (1 + λ
2)1/2e1 − λ∂t;
J(dt) = (1 + λ2)1/2e2 + λdt.
Then, J satisfies J2 = −Id, J∗ = −J . It is easy to see that these constructions
are inverse of each other.
Remark 14. In particular, under the bijection of Proposition 13, the set of
generalized almost contact triples (viewed as Sekiya quadruples with λ = 0) cor-
responds to the set Sek0(M) of R
+-invariant generalized almost complex struc-
tures on C(M) such that J(span(∂t, dt)) ⊂ TM . Moreover, the C∞(M,O(1, 1))-
action on triples lifts to an action on Sek0(M).
Definition 15. We say that a generalized almost contact triple is associated to
J ∈ Sek0(M) if they correspond to each other via Proposition 13. Moreover, a
generalized almost contact structure (E,L) onM is represented by J ∈ Sek0(M)
if the triple associated to J represents (E,L).
Theorem 16. Every generalized almost contact structure (E,L) on M is rep-
resented by an element of Sek0(M). Moreover, two elements J1, J2 ∈ Sek0(M)
represent the same generalized almost contact structure (E,L) if and only if they
belong to the same O(E)-orbit.
Proof. The first statement follows directly from Propositions 4, 13 and Remark
14. Now, let J, J˜ ∈ Sek0(M) and let (Φ, e1, e2) and (Φ˜, e˜1, e˜2) be the associated
triples. Then, J and J˜ represent the same generalized almost contact structure
(E,L) if and only if Φ = Φ˜ and e˜i = R · ei with R ∈ O(E). Then, J = J˜R.
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Proposition 17. Let (E,L) be represented by J ∈ Sek0(M) of type tJ . Then
i) 0 ≤ tL − tJ ≤ 1;
ii) tJ = tL if and only if a(J(dt)) ∈ a(L);
iii) if pE = 1, then tJ = tL if and only if J(dt)) is a 1-form on M .
Proof. Let a˜ : TC(M) → TC(M) be the obvious projection. The maximal
isotropic subbundle LJ ⊆ TC(M) that defines J is spanned by L, e1 +
√−1∂t
and e2 +
√−1dt, where span(e1, e2) = E. Therefore,
dim a˜(LJ) = dim a(L) + 1 + dim a(Ce2)− dim(a(L) ∩ dim a(Ce2)) ,
from which it follows that
tJ = dim M + 1− dim a˜(LJ) = tL − dim a(Ce2) + dim(a(L) ∩ dim a(Ce2)) ,
which proves (i) and (ii). Finally, assume pE = 1. Then
dim
(
a(E) ∩ a(E⊥)) = 2pE − 2
implies a(E ⊗ C) ∩ a(L) = 0 and (iii).
Example 18. (New generalized almost contact structures on S3 and RP3) Con-
sider the standard identification of C(S3) with R4 \ {0}. The Euler vector field
∂t is given by
∂t = x1
∂
∂x1
+ x2
∂
∂x2
+ x3
∂
∂x3
+ x4
∂
∂x4
.
The action of Sp(1) on R4 is generated by the vector fields
V1 := x2
∂
∂x1
− x1 ∂
∂x2
+ x4
∂
∂x3
− x3 ∂
∂x4
,
V2 := x3
∂
∂x1
− x4 ∂
∂x2
− x1 ∂
∂x3
+ x2
∂
∂x4
,
V3 := x4
∂
∂x1
+ x3
∂
∂x2
− x2 ∂
∂x3
− x1 ∂
∂x4
.
In particular, {∂t, V1, V2, V3} is a global frame of TM . Let {dt, ν1, ν2, ν3} denote
the dual frame. Consider j ∈ Sek0(S3) defined by
j(V1) = ∂t , j(V2) = V3 , j
∗(ν1) = −dt , j∗(ν2) = −ν3.
Given f, g ∈ C∞(S3), consider the R+-invariant bivector
Λ = f · (−V1 ∧ V3 + V2 ∧ ∂t) + g · (V1 ∧ V2 + V3 ∧ ∂t) .
Since jΛ = Λj∗,
J =
[
j Λ
0 −j∗
]
12
is also in Sek0(S
3). Moreover,
e1 := J (∂t) = −V1; e2 := J (dt) = −ν1 − fV2 − gV3, (1)
which implies that the generalized almost contact structure (E,L) on S3 repre-
sented by J has geometric type
(pE(x), tL(x)) =

(1, 2) if f(x) = 0 = g(x)
(2, 1) otherwise .
If f and g are invariant under the antipodal involution, then (E,L) descends to
a generalized almost contact structure on RP3, of the same geometric type.
6. Normality and integrability
Definition 19. A generalized almost contact structure (E,L) is called normal
if there exists J ∈ Sek0(M) which is integrable and represents (E,L). More-
over, a triple (Φ, e1, e2) is normal if the generalized almost complex structure
associated it is integrable.
Proposition 20. A triple (Φ, e1, e2) is normal if and only if the following
conditions hold:
i) for all x,y ∈ Γ(E⊥),
[Φx,Φy] − [x,y]− Φ([Φx,y] + [x,Φy]) = 0;
ii) for all x ∈ Γ(E⊥), Φ[x, ei] = [Φx, ei] (i = 1, 2),
iii) [e1, e2] = 0,
where E = span(e1, e2).
Proof. Let J ∈ Sek0(M) associated to (Φ, e1, e2) and let N denote the Nijenhuis
operator of J , i.e.
N(X,Y) = [JX, JY]− [X,Y] − J([JX,Y] + [X, JY])
for all X,Y ∈ Γ(E ′(M)). Notice that N is defines a skew-symmetric bundle
map N : E ′(M)⊗ E ′(M)→ E ′(M) and that N(X, JY) = −J(N(X,Y)). Then
N = 0 if and only if the following conditions are satisfied:
N(x,y) = 0, N(x, e1) = 0, N(x, e2) = 0, N(e1, e2) = 0
for any x,y ∈ Γ(E⊥).
Assume now N = 0. From 0 = N(e1, e2) = −[e1, e2] follows (iii). Moreover,
from (iii) we have [x, ei] ∈ Γ(E⊥) for all x. Hence
0 = N(x, ei) = −[x, ei]− Φ[Φx, ei]
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which yields (ii). Furthermore, from (ii) we have [x,Φy] + [Φx,y] ∈ Γ(E⊥) for
all x,y and
0 = N(x,y) = [Φx,Φy] − [x,y]− Φ([Φx,y] + [x,Φy])
whence (i). The proof of the reverse implication is analogous.
Remark 21. Normality of triples is not preserved under homotheties. How-
ever, if two triples differ by a constant homothety, then one is normal if and
only if the other is normal. Moreover, symmetries preserve the normality of
triples, hence the normality of generalized almost contact structures.
Definition 22. A generalized almost contact structure (E,L) is called inte-
grable if there exists a maximal isotropic subbundle ℓ of E such that L⊕ (ℓ⊗C)
is involutive. Moreover, (E,L) is strongly integrable if for any maximal isotropic
subbundle ℓ of E, L⊕ (ℓ ⊗ C) is involutive.
Remark 23. Let (E,L) be represented by a Poon-Wade triple (Φ, F, η). Then,
if (Φ, F, η) is a generalized contact structure in the sense of [9], then (E,L) is
integrable. Moreover, (E,L) is strongly integrable if and only if (Φ, F, η) is a
strong generalized contact structure in the sense of [9].
Theorem 24. Let (E,L) be a generalized almost contact structure on M . The
following are equivalent:
i) (E,L) is normal;
ii) (E,L) is strongly integrable and there exists an isotropic frame e1, e2 of
E and f ∈ C∞(M) such that
d〈e1, e2〉 = 0, [e1, e2] = df − 2〈e1, df〉e2 − 2〈e2, df〉e1
iii) (E,L) is strongly integrable and for each isotropic frame e1, e2 of E such
that d〈e1, e2〉 = 0, there exists f ∈ C∞(M) such that
[e1, e2] = df − 2〈e1, df〉e2 − 2〈e2, df〉e1.
Proof. (i) implies (ii) Suppose (E,L) normal, and let (Φ, e1, e2) be a normal
triple that represents (E,L). Let x ∈ Γ(E⊥), f ∈ C∞(M). Then
[x−√−1Φ(x), fei] = a
(
x−√−1Φ(x)) (f)ei + f ([x, ei]−√−1Φ[x, ei]) .
Since [x, ei] ∈ Γ(E⊥), we obtain [Γ(L),Γ(Cei)] ⊂ Γ(L⊕Cei). Also, [Γ(Cei),Γ(Cei)] ⊂
Γ(Cei) because Cei is a isotropic line bundle. Moreover, for any x,y ∈ Γ(E⊥),
[x−√−1Φ(x),y −√−1Φ(y)] = −Φ ([x,Φ(y)] + [Φ(x),y] −√−1Φ ([x,Φ(y)] + [Φ(x),y])) ,
which shows [Γ(L),Γ(L)] ⊂ Γ(L), whence (E,L) is strongly integrable. Since
[e1, e2] = 0 we obtain (ii).
14
(ii) implies (iii): let e1, e2 as in (ii) and let e
′
1, e
′
2 be a isotropic frame of E with
d〈e′1, e′2〉 = 0. Then there exist two functions λ, µ such that λµ is a nonzero
constant, and either
(e′1, e
′
2) = (λe1, µe2) or (e
′
1, e
′
2) = (λe2, µe1).
Moreover, we can assume the former condition up to symmetry. Then,
[λe1, µe2] = dF − 2〈e1, dF 〉e2 − 2〈e2, dF 〉e1, (2)
where F = µλ(f + ln |λ|).
(iii) implies (i): Let (E,L) be strongly integrable, and let e1, e2 be an isotropic
frame of E normalized such that 〈e1, e2〉 = 1/2. Then,
[e1, e2] = df − 2〈e1, df〉e2 − 2〈e2, df〉e1
for some function f . Then, passing to the frame e′1 = exp(−f)e1, e′2 = exp(f)e2
we obtain [e′1, e
′
2] = 0 from the identities (2). Finally, for all x ∈ Γ(E⊥)
[x−√−1Φ(x), e′i] = [x, e′i]−
√−1[Φ(x), e′i]. (3)
Since [e′1, e
′
2] = 0 and L ⊕ Ce′i is involutive, the section (3) is in Γ(E⊥ ∩ (L ⊕
Ce′i)) = Γ(L), whence [Φ(x), e
′
i] = Φ[x, e
′
i]. In conclusion, the involutivity of L
implies the first condition in Proposition 20 and (i).
Proposition 25. An almost contact structure is normal in generalized sense if
and only if it is an ordinary normal almost contact structure.
Proof. Let (Φ, e1, e2) be the triple associated to the almost contact structure
(φ, ξ, η). With respect to the decomposition E ′(M) = (TM⊕R∂t)⊕(T ∗M⊕Rdt),
the generalized almost complex structure J associated to (Φ, e1, e2) is of the
form
J =
[
j 0
0 −j∗
]
,
where j : TM ⊕ R∂t → TM ⊕ R∂t is the almost complex structure such that
j(X) = φ(X)− η(X)∂t, j(∂t) = ξ .
We conclude that (Φ, e1, e2) is normal if and only if j is a complex structure i.e.
(φ, ξ, η) is a normal almost contact structure.
Proposition 26. An almost cosymplectic structure (θ, η) is normal in general-
ized sense if and only if dθ = 0 = dη.
Proof. Let (Φ, e1, e2) be the triple associated to the almost contact structure
(θ, η). Consider now the triple (Φ, e2, e1). With respect to the decomposition
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E ′(M) = (TM ⊕R∂t)⊕ (T ∗M ⊕Rdt), the generalized almost complex structure
J associated to (Φ, e2, e1) is of the form
J =
[
0 ω
−ω−1 0
]
,
where ω : TM ⊕ R∂t → T ∗M ⊕ Rdt is the nondegenerate 2-form such that
ω(X) = iXθ − η(X)dt, ω(∂t) = η .
In conclusion, the triple (Φ, e1, e2) is normal if and only if (Φ, e2, e1) is normal,
if and only if dω = 0, which means
dθ − dη ∧ dt = 0 .
Remark 27. In [8], a different bracket [ , ]1 is introduced on E ′(M), which
satisfies the axioms of Courant-Jacobi algebroids [6]. This bracket is a nontrivial
extension of the Dorfman bracket on TM such that
[α,X ]1 = [α,X ] + α(X)dt, [∂t, α]1 = α, [∂t, dt]1 = dt,
for all X ∈ Γ(TM), α ∈ Γ(T ∗M). With respect to the bracket [ , ]1,
• an almost contact structure is normal in generalized sense if and only if it
is an ordinary normal almost contact structure, and
• an almost cosymplectic structure (θ, η) is normal in generalized sense if
and only if θ = dη (i.e., if and only if (θ, η) is a contact structure).
It would be interesting to find a framework that includes both brackets [ , ]0
and [ , ]1 on E ′(M).
Proposition 28. Let (E,L) be the generalized almost contact structure on S3
associated to the functions f, g, defined in Example 18. Then
i) (E,L) is integrable;
ii) (E,L) is strongly integrable if and only if L is involutive, if and only if
V2(g) + V3(f) = 0, V2(f)− V3(g) = 0; (4)
iii) the triple (E,L) is normal if and only if the equations (4) hold and in
addition
V1(g) + 2f = 0, V1(f)− 2g = 0 . (5)
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Proof. With the the notation of Example 18, let e1 = −V1, e2 = −ν1−fV2−gV3.
Note that E⊥ is trivialized by
V2, V3, ν3 − gV1, −ν2 + fV1 .
Moreover, L is trivialized by
z := V2 −
√−1V3, w := ν3 − gV1 −
√−1(−ν2 + fV1) .
Also recall that
[Vi, Vj ] =
∑
k
2ǫkijVk, [Vi, νj ] =
∑
k
2ǫkijνk. (6)
Then, the identities
[e1, z] = −2
√−1z , (7)
[e1,w] = −2
√−1w + (2f − 2√−1g + V1(g)−√−1V1(f)) e1 , (8)
[z,w] = 2
(−f +√−1g) z+
+
(
(V2(g) + V3(f)) +
√−1(V2(f)− V3(g))
)
e1 (9)
prove (i) and that L is involutive iff [Γ(L),Γ(L)] ⊂ Γ(E⊥⊗C), iff equations (4)
are satisfied. Moreover, from
[e2, z] = −2w+
(
V2(f)−
√−1V3(f)
)
z+
+
(
V2(g) + V3(f) +
√−1V2(f)−
√−1V3(g)
)
V3 (10)
[e2,w] =
(
V1(g) + 2f +
√−1(V1(f)− 2g)
)
e2 −
(
V3(g) +
√−1V3(f)
)
w +
+
(−gV1(f) + 2g2 + fV1(g) + 2f2) z+
+
(−fV2(g)− fV3(f)−√−1fV2(f) +√−1fV3(g)) e1 +
− (V2(g) + V3(f) +√−1(V2(f)− V3(g))) ν2 (11)
we conclude that L⊕Ce2 is involutive if and only if equations (4) are satisfied,
which concludes the proof of (ii). To prove (iii), notice that
[e1, e2] = [V1, ν1 + fV2 + gV3] = V1(f)V2 + V1(g)V3 + 2fV3 − 2gV2 ,
which is the projection onto E⊥ of an exact 1-form if and only if it is equal to
0, if and only if equations (5) hold.
Examples 29.
(a) Let h(z, w) be a holomorphic function in a neighborhood of S3 ⊂ C2,
where C2 is identified with R4 with complex coordinates z = x1+
√−1x2,
w = x3 +
√−1x4. Then, f = Re(h), g = Im(h) satisfy the equations
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(4) and define a strongly integrable generalized almost contact structure
(E,L) on S3, whose type jumps along
S3 ∩ {h(z, w) = 0}.
Moreover, (E,L) is normal if and only if
∂t(g) = 2g, ∂t(f) = 2f.
(b) In particular if h(z, w) is a homogeneous polynomial then the associated
generalized almost contact structure is strongly integrable, its type jumps
along a link and it is normal if and only if either h ≡ 0 of deg(h) = 2.
Remark 30. Let H be a closed three-form on M . As in section 5, the twisted
Dorfman bracket [ , ]H induces a bracket on E ′(M)and corresponding notions of
H-normal triples and (strongly) H-integrable generalized almost contact struc-
tures. It is easy to see that Proposition 20 and Corollary 24 extend to the
twisted setting.
Example 31. Consider the generalized almost contact structure on S3 as in
Example 18 and set H = cν1 ∧ ν2 ∧ ν3. Then
• (E,L) is always H-integrable;
• (E,L) is strongly H-integrable if and only if
V2(g) + V3(f) = c(g
2 − f2), V2(f)− V3(g) = 2cfg;
• (E,L) is H-normal if and only if c = 0 or f = 0 = g.
7. Mixed pairs
Recall that given a manifold M of real dimension m, the Clifford algebra of
(TM ⊗ C, 〈 , 〉) acts through its standard representations on differential forms
Ω•(M) =
∧• T ∗M ⊗ C. To avoid cluttering the notation, we simply write
ρ1ρ2 for the wedge product ρ1 ∧ ρ2 in the DGA (Ω•(M), d). A differential
form ρ ∈ Ω•(M) is a pure spinor if its annihilator Ann(ρ) ⊆ TM is a maximal
isotropic subbundle. Let prm be the projection of Ω•(M) onto Ωm(M). The
Ωtop(M)-valued bilinear pairing µM on Ω
•(M) defined by
µM (ρ1, ρ2) = (−1)(
m
2 )prm(ρ1ρ2)
for all ρ1, ρ2 ∈ Ω(M). The type of a pure spinor ρ ∈ Ω•(M) is the function
type(ρ) whose value at x ∈M is the minimum of the degrees of the components
of ρ(x) ∈ T ∗xM . We refer the reader to [7] for a systematic treatment of pure
spinors and their applications to generalized complex geometry.
Assume now that m = 2n + 1. Let (E,L) be a generalized almost contact
structure represented by the triple (Φ, e1, e2). Then L ⊕ Ce1 and L ⊕ Ce2 are
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maximally isotropic subbundles of TM ⊗ C. Therefore, at any point x ∈ M
there exist ρ1, ρ2 ∈ Ω•(M) such that
Lx ⊕ Ce1 = Ann(ρ1) ; Lx ⊕ Ce2 = Ann(ρ2) .
In particular, this implies µM (ρ1, ρ¯2) 6= 0.
Definition 32. A pair of pure spinors (ρ1, ρ2) ∈ Ω•(M)×Ω•(M) is called non-
degenerate if µM (ρ1, ρ¯2) 6= 0. We call a non-degenerate pair (ρ1, ρ2) of pure
spinors a mixed pair if there exist isotropic sections e1, e2 of TM such that
ρ1 = e1 · ρ2 and ρ2 = e2 · ρ1.
Remark 33. Let (ρ1, ρ2) be a mixed pair and and let e1, e2 be isotropic sections
as above. Then, the bundle E generated by e1, e2 does not depend on the choice
of such sections. Moreover, if we set
L = Ann(ρ1) ∩ Ann(ρ2) ,
then (E,L) is a generalized almost contact structure.
Definition 34. Let (M,H) be a pair consisting of a manifold M and a real
closed 3-formH onM , and let dH denote the twisted de Rham differential d+H ·.
A mixed pair (ρ1, ρ2) is integrable if there exists i ∈ {1, 2} and v ∈ Γ(TM) such
that
dHρi = v · ρi
and strongly integrable if there exist v1,v2 ∈ Γ(TM) such that
dHρ1 = v1 · ρ1, dHρ2 = v2 · ρ2.
Remark 35. As pointed out to us by Tomasiello, our definition of strongly
integrable mixed pairs is somewhat reminiscent of the supersymmetry equations
for type II supergravity solutions on AdS7 ×M3 [1]. It would be interesting to
make this connection more precise.
Example 36. If (θ, η) is an almost cosymplectic structure on M and ρ1 =
e
√−1θ and ρ2 = ρ1η, then (ρ1, ρ2) is a mixed pair. Moreover, (ρ1, ρ2) is inte-
grable if dθ = 0 and strongly integrable if dθ = 0 = dη.
Lemma 37. Let ρ1, ρ2 ∈ Ω•(M) be a pair of pure spinors of definite and
opposite parity and let ρ = ρ1 +
√−1dtρ2 ∈ Ω•(C(M)). Then µC(M)(ρ, ρ) 6= 0
if and only if (ρ1, ρ2) is non-degenerate.
Proof. ∂t · ρ1 = 0 implies µC(M)(ρ1, ρ¯1) = 0. If ǫ = eπ
√−1(m2 ), then using the
bilinearity and symmetry of Mukai pairings,
µC(M)(ρ, ρ¯) = µC(M)(ρ1,−
√−1dtρ2) + µC(M)(
√−1dtρ2, ρ¯1)
=
√−1(−1)|ρ2|dt(µM (ρ1, ρ¯2) + ǫµM (ρ¯1, ρ2)),
from which the result follows.
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Theorem 38. Let ρ1, ρ2 ∈ Ω•(M), and let ρ = ρ1 +
√−1dtρ2 ∈ Ω•(C(M)).
Then
i) (ρ1, ρ2) is a mixed pair if and only if ρ is a pure spinor defining a gener-
alized almost complex structure on C(M);
ii) The mixed pair (ρ1, ρ2) is integrable if and only if there exists v ∈ Γ(TM⊗
C) such that
∂t · dt · dρ = v · ρ .
iii) Ann(ρ) is involutive if and only if there exists w ∈ Γ(TM ⊗ C) such that
dρ1 = w · ρ1, dρ2 = w · ρ2. (12)
Proof. Proof of (i): Suppose (ρ1, ρ2) is such a mixed pair. Then (Ce2)
⊥ ∩
Ann(ρ1) ⊂ Ann(ρ). Since ρ1 is pure, then dimAnn(ρ) ≥ m − 1. On the
other hand, dt − √−1e1 and ∂t −
√−1e2 are linearly independent sections of
Ann(ρ) \ Ann(ρ1) and thus ρ is pure. Since ρ1 = e1 · ρ2 and ρ2 have opposite
parity, Lemma 37 shows that ρ defines a generalized almost complex structure
J on C(M). Conversely, if ρ is pure and µC(M)(ρ, ρ) 6= 0, then by Lemma 37
(ρ1, ρ¯2) is non-degenerate. Moreover, ρ2 = −
√−1∂t · ρ implies that
(C∂t)
⊥ ∩ Ann(ρ) ⊆ Ann(ρ2) . (13)
Therefore, ρ2 is pure. Similarly, ρ1 = ∂t · dt · ρ implies
(span(∂t, dt))
⊥ ∩ Ann(ρ) ⊆ Ann(ρ1) (14)
and therefore dimAnn(ρ1) ≥ m − 1. Since dt −
√−1J(dt) ∈ Ann(ρ), one has
dt · ρ1 =
√−1J(dt) · ρ. Since dt is isotropic and J is orthogonal,
J(dt) · dt · ρ1 = 0 .
Using
〈J(dt), dt〉 = 〈−dt, J(dt)〉 = 0 ,
we conclude that J(dt) ∈ Ann(ρ1). Similarly, ∂t −
√−1J(∂t) ∈ Ann(ρ) implies
J(∂t) ∈ Ann(ρ2). In particular,
0 = J(dt) · J(∂t) · ρ2 = ρ2 − J(∂t) · J(dt) · ρ2
and since ρ2 6= 0, we deduce that J(dt) ∈ Ann(ρ1) \Ann(ρ2). This proves that
ρ1 is pure for otherwise dimAnn(ρ1) = m−1 which together with (13) and (14)
would imply Ann(ρ1) ⊆ Ann(ρ2), contradicting J(dt) 6= 0. From
0 = ∂t ·
(
dt−√−1J(dt)) · ρ = ρ1 − J(dt) · ρ2
it follows that 0 = 〈∂t, J(dt)〉 = −〈dt, J(∂t)〉 and thus
0 = dt · (dt−√−1J(dt)) · ρ = √−1dt · (ρ2 − J(dt) · ρ1) .
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The result follows upon setting e1 = J(dt) and e2 = J(∂t).
Proof of (ii): it follows from
∂t · dt · dρ = dρ1
and the definition of integrability of mixed pairs.
Proof of (iii): if equations (12) hold, then
dρ = dρ1 −
√−1dtdρ2 = w · ρ2 −
√−1dtw · ρ2 = w ·
(
ρ1 +
√−1dtρ2
)
,
whence Ann(ρ) is involutive. Conversely, suppose there exist v ∈ Γ(TM ⊗ C),
f, g ∈ C∞(M) such that
dρ1 −
√−1dtdρ2 = (v + f∂t + gdt) · (ρ1 +
√−1dtρ2)
= (v +
√−1fe2) · ρ1 + dt
(−√−1v + ge1) · ρ2.
Then, equations (12) hold, with w = v +
√−1 (fe2 + ge1).
Example 39. In the Example 18, it is easy to check that one can choose
ρ1 =
√−1ν2 + ν3; ρ2 = (g +
√−1f) + ν1(
√−1)ν2 + ν3) .
From equation (6), dνk = 2ǫ
k
ijνiνj which implies
dρ1 = −2
√−1ν1ρ1 = (2
√−1e2 + (g +
√−1f)(V2 +
√−1V3)) · ρ1 .
Therefore, the mixed pair (ρ1, ρ2) is integrable, as expected from Proposition
28 .
Proposition 40. Let (ρ1, ρ2) be a mixed pair, and let (E,L) be the correspond-
ing generalized almost contact structure. Then
2tL = type(ρ1) + type(ρ2) + 1.
Proof. For i = 1, 2,
type(ρi) = dimM − dim a(Cei)− dim a(L) + dim(a(L) ∩ a(Cei)) (15)
implies
type(ρi)− tL =

−1 if a(ei) /∈ a(L)
0 if a(ei) ∈ a(L)
and therefore
|type(ρ1)− type(ρ2)| =

1 if δ = 1
0 if δ = 0
where
δ = pE − dim(a(E) ∩ a(L)) .
On the other hand, ρ1 = e1 · ρ2 implies that δ always equals one. Summing the
equations in (15),
type(ρ1) + type(ρ2) = 2tL − δ = 2tL − 1 .
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8. T-Duality
We begin by recalling some definitions and notations from [4] (see also [2],
[3]). Let π : M → B and π˜ : M˜ → B be principal bundles with k-dimensional
torus fibers T k and let p and p˜ denote the projections of the fiber product
M ×B M˜ onto M and M˜ , respectively. We denote by Ω•Tk(M) and Ω•Tk(M˜) the
T k-invariant differential forms on M and M˜ , respectively. Given H ∈ Ω3Tk(M)
and H˜ ∈ Ω3Tk(M˜), we say that (M,H) and (M˜, H˜) form a T-dual pair with k-
dimensional fibers and pairing F ∈ Ω2T 2k(M×B M˜) if dF = p∗H− p˜∗H˜ and F is
non-degenerate as a pairing between vertical tangent vectors of M and vertical
tangent vectors of M˜ . Given a T-dual pair (M,H), (M˜, H˜) with k-dimensional
fibers and with pairing F , define
τF : (Ω
•
Tk(M), dH)→ (Ω•Tk(M˜), dH˜)
by the formula
τF (ρ) =
∫
Tk
eF p∗(ρ) .
Consider also the map
ϕF : TM/T
k → TM˜/T k
defined by ϕF (X + ξ) = p˜∗
(
Xˆ + p∗ξ − F (Xˆ)
)
, where Xˆ is the unique lifting of
X to M ×B M˜ such that p∗ξ − F (Xˆ) is basic with respect to p˜.
Theorem 41 ([2],[3],[4]). Let (M,H) and (M˜, H˜) be a T-dual pair with k-
dimensional fibers and pairing F . Let also τF and ϕF be as above. Then
i) τF is an isomorphism of complexes;
ii) ϕF is an isomorphism of Courant algebroids;
iii) for all v ∈ Γ(TM) and ρ ∈ Ω•Tk(M˜),
τF (v · ρ) = ϕF (v) · τF (ρ) .
iv) If ρ = e
√−1ωΩ ∈ Ω•Tk(M) is a pure spinor and j is the smallest integer
such that ∫
Tk
(F +
√−1ω)jΩ 6= 0 ,
then
type(τF (ρ)) = type(ρ) + 2j − k .
In particular when k = 1, type(τF (ρ))− type(ρ) equals 1 if Ω is basic and
−1 otherwise.
Theorem 42. Let (M,H) and (M˜, H˜) be a T-dual pair with k-dimensional
fibers and pairing F .
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i) If (E,L) is a T k-invariant generalized almost contact structure onM , then
(ϕF (E), ϕF (L)) is a T
k-invariant generalized almost contact structure on
M˜ .
ii) If (Φ, e1, e2) is a T
k-invariant triple onM , then (ϕF ◦Φ◦ϕ−1F , ϕF (e1), ϕF (e2))
is a T k-invariant triple on M˜ .
iii) The map ϕF preserves twisted (strong) integrability and twisted normality.
iv) If (ρ1, ρ2) is a T
k-invariant mixed pair on (M,H), then (τF (ρ1), τF (ρ2))
is a T k-invariant mixed pair on (M˜, H˜).
v) Let ρ1 = e
√−1ω1Ω1, ρ2 = e
√−1ω2Ω2 ∈ Ω•Tk(M) be such that (ρ1, ρ2) is a
mixed pair and let (E,L) be the corresponding generalized almost contact
structure. If j1, j2 are the smallest integers such that∫
Tk
(F +
√−1ωi)jiΩi 6= 0 ,
for i = 1, 2, then
tϕF (L) − tL = j1 + j2 − k .
In particular, if k = 1, then tϕF (L) − tL equals 1 if Ω1 and Ω2 are basic,
−1 if Ω1 and Ω2 are both not basic and 0 otherwise. Moreover,
|pϕF (E) − pE | =

0 if π∗(a(E)) = 0 = π∗(a(ϕF (E)))
1 otherwise .
Proof. The first three statements are a direct consequence of the previous the-
orem. We now prove (iv): the torus fibration on M and M˜ extend trivially to
C(M) and C(M˜) in such a way that C(M) and C(M˜ ) are T-dual with respect to
the obvious duality pairing defined by F (which we denote by the same letter).
Moreover, the pure spinor ρ = ρ1+
√−1dtρ2 on C(M) is T k×R+-invariant and
Theorem 41 implies that
τF (ρ) = τF (ρ1) +
√−1dtτF (ρ2)
is a T k×R+-invariant pure spinor. From Theorem 38 we conclude that (τF (ρ1), τF (ρ2))
is a T k-invariant mixed pair.
Finally, we prove (v): the second statement follows directly from the definition
of pE and of ϕF . For the first, let ti = type(ρi) and tˆi = type(τF (ρi)) for
i = 1, 2. Then, Theorem 41 and Proposition 40 imply
2(tϕF (L) − tL) = tˆ1 + tˆ2 − t1 − t2 = 2j1 + 2j2 − 2k ,
which concludes the proof.
Proposition 43. Let (ρ1, ρ2) be a mixed pair on M . Let F = −dtdt˜ be the stan-
dard pairing on S1× S1 and let τF denote the induced T-duality automorphism
acting on Ω•S1(M × S1). Then (τF (ρ1), τF (ρ2)) = (ρ2, ρ1).
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Proof. Notice that ρ = ρ1 +
√−1dtρ2, originally defined as a spinor on C(M),
also defines a spinor on M × S1. Then
τF (ρ) =
∫
S1
eF ρ =
√−1(−1)|ρ2|(ρ2 +
√−1dtρ1).
Proposition 44. Let (E,L) be a generalized almost contact structure on M .
If, for some ω ∈ Ω2(M × S1) and Ω ∈ ΩtJ (M × S1), ρ = e
√−1ωΩ is the
corresponding pure spinor on M × S1, then 0 ≤ tL − tJ ≤ 1. Moreover, the
following are equivalent
i) tL = tJ ,
ii)
∫
S1 Ω 6= 0 ,
iii) type(ρ1)− type(ρ2) = 1 .
Proof. Let F = −dtdt˜ be the standard duality pairing on M × S1 × S1 and let
tˆJ = type(τF (ρ)). According to Theorem 41
tˆJ − tJ =

−1 if ∫S1 Ω 6= 0
1 if
∫
S1
Ω = 0 .
On the other hand, ρ = ρ1 +
√−1dt · e2 · ρ1 implies that tJ = type(ρ1) and
tˆJ = type(ρ2). Combining (8) and Proposition 40,
tL − tJ =

0 if
∫
S1 Ω 6= 0
1 if
∫
S1
Ω = 0 .
Examples 45.
(a) (Three dimensional Heisenberg group) LetH3 be the real three-dimensional
Heisenberg group with Lie algebra
h3 = Lie(H3) = span(X1, X2, X3)
has [X1, X2] = −X3 as the only nontrivial bracket. If h∗3 = span(α1, α2, α3)
and dα3 = α1α2. It follows that the remaining nontrivial Dorfman brack-
ets are [X1, α
3] = α2 and [X2, α3] = −α1. LetM be the left quotient ofH3
by the discrete subgroup exp(ZX3). Then M is T-dual to (M˜, H˜) where
M˜ = S1 × R2 and H˜ = α1α2α˜3, written in terms of a basis {α1, α2, α˜3}
of global sections for T ∗M˜ dual to {X1, X2, X˜3}. The corresponding
nontrivial brackets on TM˜ are [X1, X2]H˜ = α˜
3, [X1, X˜3]H˜ = −α2 and
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[X2, X˜3]H˜ = α
1. Therefore, ϕF : TM → TM˜ is defined on generators as
ϕF (α
3) = −X˜3, ϕF (X3) = −α˜3 and for i = 1, 2 ϕF (Xi) = Xi, ϕF (αi) =
αi. Consider the family of cosymplectic structure on M parametrized by
b, c ∈ R with Eb,c = span(X1 − cX2 + bX3, α1) and
Lb,c = span(X2 −
√−1α3 +√−1bα1, X3 +
√−1α2 +√−1cα1) .
Then E˜b,c = ϕF (Eb,c) = span(X1 − cX2 − bα˜3, α1) and
L˜b,c = ϕF (Lb,c) = span(X2+
√−1X˜3+
√−1bα1,−α˜3+√−1α2+√−1cα1) .
Notice that the geometric type of (Eb,c, Lb,c) is (1, 1) while the geomet-
ric type of (E˜b,c, L˜b,c) is (1, 2). Moreover for b 6= 0, (E˜b,c, L˜b,c) is not
represented by a Poon-Wade triple.
(b) (T-dual of S3) Consider the generalized almost complex structure defined
in Example 18 and assume that V1(f) = V1(g) = 0. Since the S
1-action
generated by V1 has no fixed points on S
3 the quotient map π : S3 → S2 =
S3/S1 is a (Hopf) fibration. With respect to the projection π˜ : S1×S2 →
S2, (S3, 0) and (S1 × S2, ν˜1ν2ν3) define a T-dual pair with 1-dimensional
fibers and pairing F = −ν1ν˜1. From Example 39
τF (ρ1) = −ν˜1(
√−1ν2 + ν3) , τF (ρ2) = −(g +
√−1f)ν˜1 +
√−1ν2 + ν3 ,
which implies tϕF (L) = 2. On the other hand,
ϕF (e1) = −ν˜1 , ϕF (e2) = −V˜1 − fV2 − gV3 ,
where V˜1 = ϕF (ν1), which implies pϕF (E) = 1. Notice that while (pE , tL)
may jump, (pϕF (E), tϕF (L)) is constant. Moreover,
tϕF (L) − tL = |pϕF (E) − pE | =

0 if f(x) = 0 = g(x),
1 otherwise,
which shows (upon considering the inverse T-duality as well) that all the
cases listed in Theorem 42 for k = 1 can occur.
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